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Abstract 



Abstract: We embed the quantum Heisenberg manifold D^ u in 
a crossed product algebra. This enables us to show that, in the irra- 
tional case, all tracial states on D^ u induce the same homomorphism 
on Kq(D^ u ). We conclude that two irrational quantum Heisenberg 
manifolds D^ u and D c , u , are isomorphic if and only if the parameters 
(H, v) and (//, v') belong to the same orbit under the usual action of 
GL 2 (2Z) on the torus T 2 . 



1 Introduction. 

For a positive integer c, let M c denote the Heisenberg manifold consisting of 
the quotient G/H c , where G is the Heisenberg group, 
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and H c is the subgroup of G obtained when x, y, and cz are integers. 



In [[Rf3|1 Rieffel constructed a quantization deformation {D^}% e n of M c 
in the direction of a given Poisson bracket determined by two real pa- 
rameters fi and v. We drop from now on the Planck constant % from our 
notation because the algebras Dff and D% nil are isomorphic and we will 
denote either one by D2 %v . Also, since D c D c +n v+m for any integers n 
and m, we view the parameters /i and v as running in the circle T. 



We discussed the K-theory of the quantum Heisenberg manifolds in [ |Ab2 



and found that K (D C ^ U ) = Z 3 © % c and K^D ^) = Z 3 , which shows that 
two algebras corresponding to deformations of different Heisenberg manifolds 



are not isomorphic. In | |Abl| | we constructed finitely generated projective 



modules over the algebra D c with traces 2/z and 2v respectively, where 
the trace considered was that defined in [|Rf3|| . That suggests employing 



the range of traces on Kq{D c ^ v ) as an invariant to discuss isomorphism and 
strong-Morita equivalence types of the family {D^ u }, as was done for non- 
commutative tori ( ||P V|| , |[Rfl|| ) and Heisenberg C*-algebras ( ||Pa2|| , |PaT| ) . We 



discuss in this work the homomorphisms on K (D'^ lL ,) induced by tracial states 
on D c , and show that, in case either fi or v is irrational, they all agree and 
their range is the group 2Z + l^iZ + 2v?Z> . 

This work is organized as follows. In Section 2 we embed the algebra D c 
in a crossed product. This is done in a more general context, by viewing 
the quantum Heisenberg manifolds as generalized fixed-point algebras, as in 
Rf 3f . In Section 3 we show that two quantum Heisenberg manifolds D c 



and D^, u ,, where at least one among the four parameters is irrational, are 
isomorphic if and only if (/i, v) and (//, v') belong to the same orbit under 
the usual action of GL 2 (/Z). It is known ( ||Aii|| ) that this condition suffices to 
guarantee the two algebras are isomorphic. The converse statement is proven 
by comparing the range of traces on Kq(D c ). 
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2 The embedding 



The purpose of this section is to embed each quantum Heisenberg manifold 
in a crossed product algebra AxZ, A being a C*-subalgebra of L°°(T 2 ). Our 
construction carries over a somewhat more general context, which we next 
describe. 



We first recall some facts established in [|Ab2|| . Let A and a be two com- 
muting automorphisms of a C*-algebra B. Let u : % x -— > UZZM.(B) be 
a A-cocycle in the first variable and a cx-cocycle in the second one, and de- 
fine the action Y ,u of % on Bx x Z by {^ u ^){p) = u(p, fc)<r fc [$(p)]. When 
the C*-algebra B = Cq(M) is commutative and the actions A and a are 
free and proper, then 7 <J ' n is proper and the corresponding generalized fixed- 
point algebra D a,u , in the sense of Rieffel ( ||Rf4|| ), is the closure in the multi- 



plier algebra A4(C (M) y\\/Z) of the *-subalgebra C a,u consisting of functions 
$ G C C {(3M x such that the projection of suppm{&) on M/a is precom- 
pact and 7^'"$ = $ for all k G where 7°"'" has been extended to the 
multiplier algebra, and (3M denotes the Stone-Cech compactification of M. 

When the space M is taken to be M x T, and a(x,y) = (x — 1, y), 
X(x,y) — (x + 2/i,y + 2u), and u(p,k) = exp(2iiickp(y — pi/)) for (x, y) G 
IR x T, k,p G /Z, then D a,u is the quantum Heisenberg manifold denoted in 
[|Rf3| by -D^j,, and we denote by (7° the dense *-subalgebra corresponding to 

In the general case, if F is a fundamental domain in M for the action a 
(i.e. the canonical projection II : F — > M/a is a bijection), then any $ in 
the dense subalgebra C a,u is determined by the values $(m,p), for m running 
in F and p G . This suggests the idea of untwisting those functions so that 
they can be viewed as functions on the quotient space M/a. A natural way 
of doing that is by multiplying them by a function H on M satisfying the 
opposite condition 7°"'"* H = H . Besides, in order to get things to work from 
an algebraic point of view, it is necessary that H satisfy 

H_ p (\_ p m) = H p (m), and H p+q {m) = H p (m)H q (\_ p m) . 



However, there might not be such continuous function on M. This is 
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the case for quantum Heisenberg manifolds. If a continuous map H as 
above existed, then multiplication by the function 7 G C(M x T) defined 
by 7(2;, y) = Hi(x,y + v) would be a C(T 2 )-module isomorphism between 
C(T 2 ) and X = {$ G C(iR x T) : $(x + l,y) = exp(2mcy)$(x,y)}, in 
contradiction with [|Rf2|, 3.9]. 

This is the reason why we are forced to get out of C$(M/<j) and we will 
rather consider a bigger subalgebra of L°°(M/a), as was done in [|Cu| , 2.5] for 
the case of non- commutative tori. 

Measurability considerations will impose some restrictions on the funda- 
mental domain F. We next summarize the assumptions we will be making. 

Assumptions and notation. In what follows, for a C*-algebra A we de- 
note by Ai(A) its multiplier algebra and by U(A) the group of unitary ele- 
ments in A. 

Throughout this section A and a denote free and proper commuting ac- 
tions of on a locally compact Hausdorff space M, and 
u : Z — > UM.{Cq(M)) denotes a map satisfying the cocycle conditions: 

u(p + q,k) = u(p, k)X p [u(q, k)], and u(p, k + l) = u(p, k)a k [u(p, /)], 

for any k,l,p,q G /Z, where a has been extended to the multiplier algebra. 
We also assume the existence of a Borel measurable fundamental domain F 
for cr in M such that the canonical projection II : F — > Mja has a Borel 
measurable inverse map. Thus a function / on Mja is Borel measurable if 
and only if f — /oil, for some Borel measurable function / on M. 

The generalized fixed-point algebra of C (M)x<\% under the action 7 "'" 
of Z defined by (7^' M $)(m,p) = u{p, fc)$(a_ fe m,p), for $ G C C {M x 2Z) 
will be denoted by D a > u . We denote by C <T,U the dense *-subalgebra of D a ' u 
consisting of functions $ G C c (f3MxZ) such that the projection of suppM^) 
on Mja is precompact and that 7^'"$ = $, for all k G /Z. 

Lemma 2.1 Let H : % -> UL°°(M) be defined by: H x {m) = u*(l,k)(m), 
for m G a^F , and 
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- np(\#i)M *fp>o 

H p (m) — < 1 i/p = 



T/ien: 



i) H is a X-cocycle (i.e. H p+q (m) = H p (m)H q (X- p m) for all m G M, 
p, g G Z). 

ii) if _ p (A_ p to) = H p {m), for all m G M, and pGl. 

Hi) H p (a_ k m) = [u(p, k)H p ]{m), for all m G M, and k,p G Z5. 



Proof : i) For q — 1 and p > 0, we have 

Hp+i(m) = n(\^i)M = fi P H(A_ p ^i)(m) = H^H^X^m). 

q=0 

An analogous computation shows that the equality holds for p < 0, and, once 
ii) is proven, the result follows by induction on q. 

It suffices to prove ii) for p > 0, and in that case we have: 



H_ p (X^ p m) = Y[ (Ap+gifiXm) = "f[ (A^^m) = if p (m). 



Finally, for p > 0, we have 

q=p-l 9=P-1 

H p (a^ k m) = Yl (X q H 1 )(a_ k m) = JJ [A,(u(l, A;))(\f/'i)](m) = u(p, k)H p {m). 

q=Q q=0 

This ends the proof in view of ii). Q.E.D. 
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Notation 2.2 Let H be as in Lemma |0|. For p G 1 and $ G let 

/$, p G L°°(M/a) be defined by /$, p (m) = H p (m)$(m,p), where m denotes 
the projection of m onto M/a. 



Theorem 2.3 Let H be as in Lemma §Q| . T/ien £/ie generalized fixed-point 
algebra D a ' u can be embedded in the crossed-product A~A\Z , where A is any 
X-invariant C* -subalgebra of L°°(M/a) containing {f<t>, p : $ G C c ,p G ^}. 



Proof: Let J : D "'" — > Ax<\Z be defined, at the level of functions 
$ G C CT ' n , by (J$)(m,p) = /$ iP (m). Properties i) and ii) in Lemma ^Ll 
guarantee that J be a *-algebra homomorphism: 

(J$*)(m,p) = H p (m)®(\_ p m, -p) = #_ p (A_ p m)$(A_ p m, -p) = (J$)*(m,p) 
and 

J($*#)(m,p) = J2 H q (m)Hj^ q (\- q m)$(m,q)V(\-. q m,p- q) = 

= H p (m)($ * \&)(m,p) = [J($ * *)](m,p). 

Let /xo be a Borel measure of full support on F and, for : F 
o^F , and II : F — > M/a, set = (erfc) *(/•*()) 5 and Ji = H*([J, ). Then ji and 
/ifc have full support on M/a and o^F respectively, for all k G "ZL . In what 
follows we will also denote by the Borel measure on M obtained by setting 
/ifcpT) = H (TfcF), for a Borel subset X of M. Let now 6 and 9 fc , for 

k G ^ denote the representations of Ay\\%< and D "'" on L 2 (M/ax Z5,jixv) 
and L 2 (M x /i^ x z/) (v being counting measure on 2Z) , respectively, defined 
by 

(6*f)(m,p) = J2 ^{\m,q)^{m,p- q), 

and 

(elr])(m,p) = J2 $>(X P m,q)r)(m,p - q), 
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where $ e C" 7 '", * G C c {M/a x X), £ G L 2 (M/a x X, # x z/) and r] E 
L 2 (M x %,fi k x v). Let U : L 2 (M/a x Z,p. x v) -> L 2 (M x X,/i fc x z/) 
be the unitary operator defined by (£/"£) (m,p) = Hp(\ p m)£(m,p). Then, if 
m G (TfcF we have 

|0j*f(m,p)| = | ^ (J$)(A p m,g)£(m,p - g)| = 

= I H q (\ p m)<$>(\ p m, q)(U£)(m,p - q)H p _ q (X p ^ q m)\ = 

= | £ ff P (V)$(V, ? )([/()( m ,p- 9 )| = |e|(E7£)(m,j>)|, 

and it follows that ||6j^|| = ||e|(l/f)||. 

Now, the representation 6 is faithful ( ||Pd| , 7.7.5., 7.7.7.]), therefore, for 

\\j$\\ = = ||e||| < ||$||, 

so J can be extended to a continuous map on D a,u . 

We next show that, for $ G C" 7 '", we have ||<fr|| = sup fe ||G||| = ||</3>||, 
which takes care of the injectivity of J. 

First notice that the representation @k® k is unitarily equivalent to the 
representation 6 of D a,u on L 2 (M x X, /x x v) defined by the same formula 
as O fc , where, for a Borel subset X of M, we set /i(X) = J^kf^kiX D cr^F). 

Thus it suffices to prove that is faithful. In order to do that we show 
(| |Pd| , 7.7.5., 7.7.7.]) that \i has full support on M: Let O C M be an open 
set such that fi(0) = 0. Then, for all k E /Z we have that O fl cr^F is an 
open subset of o^F and \x-k{0 fl a^F) = 0. Since /x^ has full support on cr^F 
it follows that A = \J A fl o^F = 0, which ends the proof. 

Q.E.D. 



From now on we will be dealing with the case of quantum Heisenberg 
manifolds. We next specialize Theorem to that case. 
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Corollary 2.4 Let X be the action of Z on T 2 defined by Xk(x,y) = 
(x + 2kfi,y + 2kv), and let A denote the smallest X-invariant C*-subalgebra 
of L°°(T 2 ) containing C(T 2 ) and the characteristic functions of the sets 
[2/c/x, 2(fc + 1)//] x T, for all k G Zj . Then the quantum Heisenberg mani- 
fold D c can be embedded in Ax\\Z . 



Proof: Let us take F = [0,1) fundamental domain for cr, 

and H as in Lemma pTT| . If $ G C° v and p G Z then f$ tP (x, y) = y,p), 
where x' G [0, 1) and exp(27rzx') = exp(27iix). Therefore /$ iP belongs to the 
A-invariant algebra A. Thus Theorem [2.3| applies to A. 



3 The range of traces on Kq(D c ^ u ). 

We discuss in this section the range of traces on K Q (D C ), when either \i or v 
is irrational. We first give a description of tracial states on the algebra D c . 
The techniques involved are an adaptation of those usually employed (see 
[[To] , 3.3]) to relate A-invariant probability measures on a G-space X to tracial 
states on Cq(X)x\G. Then, by embedding D c in a crossed-product as in 
Section 0, we show that for any tracial state r on D° we have t*{Kq(D c )) = 
% + 2jiZ + 2uZ. 

Proposition 3.1 Let r be a tracial state on D c . If either \i or v is irra- 
tional, then there is a X-invariant probability measure m T on T 2 such that, 



The correspondence r i— > m T is bijective onto the space of X-invariant proba- 
bility measures on T 2 , and r is faithful if and only if m T has full support on 



Q.E.D. 



for $ G C c 




rp2 
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Proof : The proof makes use of the following construction. Let d G C(T) 
be such that < d < 1, d(0) = 0, and d(l/2) = 1. For p G ^ let 

A?(x, 2/ ) = rf 1 / 2 (x) ! for a ;G[0,l],yGT, 

f (1 - d(x))V 2 for x G [0, 1/2], and y G T 

21 ' yj \ (1 - d(x)) 1 / 2 exp(-27ricp(y - pu)) for a; G [1/2, 1], and y G T, 

and extend Af, for % — 1,2, to continuous functions on J? x T by setting 
A? (a; + 1, y) = exp(-27ricp(y - pi/)) A? (x, y), for all (x, y) e MxT. 

Now, for any / G C(T 2 ), let the functions Ff on 1R x T x for i = 1, 2 
and p G ^ be defined by F?(x,y,q) = f(x,y)A p l (x,y)5 p (q)- Then Ff G C^, 
for all p G -ZT, and i = 1, 2. 

On the other hand, if <M P G C^, for some continuous function <3> on iRx T 
and p G 1, then the (pointwise) product <3>Af is a continuous function on 
T 2 , for i = 1, 2. Furthermore, 

$A% * A?<5 P + $A% * A^ p = $(|A?| 2 + |Af | 2 )5 P = <M P , 



where * denotes the product on D 



c 



This shows that the subset of C c consisting of 5 p -functions is the linear 
span of the set {/ * A P 5 P : i = 1, 2; / G C(T 2 )}. 

We turn now to the proof of the proposition. Let r be a tracial state 
on C° . The restriction of r to C(T 2 ) gives rise to a probability measure 
m T on T 2 such that r(/) = J T2 fdm T , for all / G C(T 2 ). We next show 
that m T is A-invariant. Fix / G C(T 2 ) and set, as above, Fi(x,y,p) = 
f(x,y)A p (x,y)S 1 (p). Then, 

/ \f\ 2 dm T = T(F 1 *F*) + r(F 2 *F;) = 
Jt 2 

= t(F**F 1 ) + t(F 2 **F 2 ) = ( \(\- 1 f)\ 2 dm T , 

JT 2 

which shows that m T is invariant. It only remains to show that r(<M p ) = 
0, for p G %,p 7^ 0. In view of the remarks above, it suffices to show 
that r(/ * A P 5 P ) = 0, for all / G C(T 2 ), and p G Z,p ^ 0. For a fixed 
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p G %,p 7^ 0, we can assume that / is a positive function and satisfies 
supp(f) fl supp(Xpf) = 0, because, since the action A is free and proper, any 
function / G C(T 2 ) can be written as a sum of functions satisfying those 
conditions. So let / G C(T 2 ) be as above . Then 

r(f * A?<g = t(/ * / * Af <y = r(J * A^ p * /) = 0, 

because 

/ * A% * / = /A? (X p f)6 p = 0. 

Let now m T be a A-invariant probability measure on C(T 2 ). We recall 
from |[Rf3| , p. 557] that there is a contractive conditional expectation E : 



— ► C(T 2 ) defined for $ G by (E$)(x,y) = $(x,y,0). We next 
show that t($) = f T2 (E§)dm T is a tracial state on D° For $, ^ G we 
have r($ * \P) = / T2 * ^)dm T , and 

£($ * y)= £ g)*(A- g (x, y), -g). 

The sum above is finite, and each of its terms is a continuous function on 
T 2 . Therefore, 



r($ *¥)=£; [ H>(. i q)\ q [*(. i q)]dm T = 

= E / 2 A_ g [A g [$(.,- g )]*(.,g)dm r = r(**$). 
Finally, since E is faithful, r is faithful if and only if m T has full support on 

Q.E.D. 



Remark 3.2 In t/ie notation of Corollary \2.4 , it follows from Proposition 
\3.1\ and fiTb\ 3.3.8] that, if either fi or u is irrational, then all traces on D c 
arise from restricting traces on Ay\\Z , where D c is embedded in Ay\\Zj as 
in Theorem \2.3j . 
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Corollary 3.3 If {1, fi, z/} is linearly independent over the field of rational 
numbers, then the trace corresponding to Haar measure on T 2 is the only 
tracial state in D c , 



Proof : Under the conditions above, the A-orbits in T 2 are dense. There- 
fore Haar measure is the only A- invariant measure on T 2 . The uniqueness of 
the trace follows now from Proposition |5TT . 



Q.E.D. 



Lemma 3.4 If ^ < 1/2 and m is a X-invariant probability measure on T 2 , 
then m([0,2//) x T) = 2/i. 



Proof : First notice that the analogous result for T holds. Fix a real 
number a G [0,1]. If v is a measure on T invariant under translation by 
a, then v([0, a)) = a: If a is irrational, then v is Haar measure on T, and 
the result is obviously true. If a is rational, a — p/q, for p,q 6 with 
(p,q) = 1, then T is the disjoint union of the intervals = [i/q, {i + l)/q), 
i = 0,1, ,q- 1. 

Now, for all i, Ii can be obtained by translating I by a an appropriate 
number of times . Therefore v(Ii) = v(Iq) = 1/q, for alH = 1, q — 1, and 
it follows that f([0, a)) = v([0,p/q)) = p/q = a. 

Let now m be a A-invariant probability measure on T 2 . Define a proba- 
bility measure v on T by setting v(X) = m(X x T). 

Then v(A + 2/j,) = m((A + 2fi) x T) =m(A(AxT)) = m(A x T) =v(A). 

It follows now that m([0,2//) x T) = w([0,2/x)) = 2/x. 

Q.E.D. 
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Theorem 3.5 If either // or v is irrational, then all tracial states t on D c 
induce the same homomorphism r* on K (D^ U ). Besides, t*(K (D^ u )) = 
% + 2fiZ + 2vZ. 



Proof: For a tracial state ro on D c , we denote by r its extension to 
Ay\\Zi denned by r($) = J* T2 y, 0)dm TO , for $ G C c (Zj, A), and m T0 as 
in Proposition |3.1| . We have the following short exact sequence ( |[Pm| , 3,4]): 



— > r*(^ (A)) r;(if„(^ A I)) A*(i<Q — 0, 

where K = {u G : [u]^ G fcer(l — A*}), i and g are inclusion 

and projection on M/t*(K (A)) respectively, A*(tt) = g[A r («A(M~ 1 ))], and 
A T : (ZYi)o — > i? is defined by A T (e 27r,y ) = r(y), for y self-adjoint. 

Let us relabel the set X = (2fiZ + Z) n (0, 1) so that X = {xi : i G N}. 
Let A„ be the smallest C*-subalgebra of L°°(T 2 ) generated by C(T 2 ) and 
X[o,xi]xT, for i = 1, ...,n. Then C yl 2 C ... CA„C and A is the direct 
limit of {AJ. Now, A n ~ ©pC([xi.,^. +1 ] x T), where {x 4j }™ =1 = {x,}™ =1 , 

x io = 0, x in+1 = 1, and x tj < x ij+1 for all j = 0, 1, n. 

Since [a, 6] x T can be deformed to T, it follows that Kj{A n ) = Z n+1 Vn G N, 
j = 1,2. The set 

{[Xfo.aylxTko : X U Xj G XU {0, 1}, X h Xj} 

is a generator of Kq(A), and any arbitrary element of K\{A) has a represen- 
tative u of the form: 

u(x,y) = e{niy) if x G [Mi+i) 



for a partition = to < £1 < ••• < = 1, OiK=i 1 C X, and integers 
rij, z = 0, n — 1. 

Now, by Lemma |3.4| , we have that t*(Kq(A)) C ^ + 2/iZj . Since zci and 
X[o,2^+fc ]xT ^ ^4 for some fc , the equality holds, and t*(Kq(A)) = % + 2jiZ. 
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Let us now find the elements [u]k 1 G K\(A) that are left fixed by A*, 
where u is as above. For \u\k\ £ K\{A), 



X k (u)(x, y) = u(x - 2k/i, y - 2ku), 

that is, 

\k(u)(x, y) = e(rii(y — 2kv)) where x — 2k p, G [xj, Xi+i). 

Fix a G [xo, xi). If /x is irrational, then for all i = 0, l...n there exists ki G Zj 
such that a — 2k^p G [xj,Xj + i) and (Afc i (ix))(a, y) = e(rii(y — 2/cjZ/)). It is 
clear now that [u]k 1 = [^k{ u )]Ki for all k G ^ if and only if rij = n for 
all i = 0, l...n. Therefore A T /(wA(tt -1 )) = T(2n i>.Id) = 2nQU, and it follows 
that K = 2v%> . If 2/i is rational, 2/i = p/q, where p,q G -ZT, (p, g) = 1, then 
X — {i/q : i — 0, q} and u is of the form: 

u(x, y) = e(nky) for x G = [k/q, (k + l)/g], and k — 0, 1..., g — 1. 

Translation by p/g gives a transitive action of /Z q on the set {Ik}, since 
(P) <?) = 1; so the same reasoning as for the irrational case applies, and 
[u]k 1 = [Xu]k 1 if and only if u(x,y) = e{ny) for all x, y. Then, as above, 
K = 2v%. 

Therefore the short exact sequence above splits, and t#(Kq(Ax = 
% + 2^Z + 2vZ, so r,(iYo C ^ + 2p% + 2i^. 

Now, it is shown in RPm| , 2,3] that, for [p] G K$(Ay\\/Z), the choice of u G 
if such that qij^p})) = A^(-u) does not depend on r, and we just proved that 
A^(-u) does not depend on r either. So we have r*[p] = A*(tt) + r*([p ]), for 
some p ^ -^o(^)- We next show that T*([p ]) is independent of r as well. The 
preceding remarks show that [p ] has a representative ft G 0C([xj ., Xj. +1 ] x 
T), so ft, is constant on [x^Xj^J x T for each j. Our claim then follows 
from Lemma |3~^, since r*([po]) = Jt 2 hdm T0 . So (tq)* does not depend on r , 
and (ro)*(i^o(-D^)) C ^ + 2/i-ZT + 2v*%. Finally, the equality holds because 
it is attained for the trace induced by Haar measure on T 2 ( |[Abl|| ). 



Q.E.D. 
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Corollary 3.6 Let D^ u and D c , v , be quantum Heisenberg manifolds such 
that at least one among /i, u, fjf, and v' is irrational. Then D c and D^, u , are 
isomorphic if and only if (/i, v) and (//, v') belong to the same orbit under 
the usual action of GL 2 (%) on T 2 . 



Proof : If either /z or v is irrational, since Haar measure induces a trace 
such that r„(A'o (£>£,„,)) = ^ + 2/x' 'Z + 2v'% ([ |AbT 
in view of Theorem |3.5|, that ffl + + 2v/Z = 1Z + 2//^ 



r on 



we have, 
2v"Z , which 

implies (see, for instance [Pal , 2.13]) that (/i, v) and (yt/, z/) are in the same 
orbit under the action of GL 2 (ZZ). The converse statement was shown in 
M Thm. 2.2]. 



Q.E.D. 
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